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Abstract
For a compact Riemannian manifold M , we obtain an explicit upper bound of the volume entropy with an integral of Ricci
curvature on M and a volume ratio between two balls in the universal covering space.
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1. Introduction
Let M be an n-dimensional compact Riemannian manifold. The volume entropy h(M) is the exponential volume
growth rate of the universal covering space M˜ , i.e.
h(M) = lim
R→∞
log(vol(B(x,R)))
R
,
where B(x,R) is the R-ball centered at x in M˜ . If the Ricci curvature of M satisfies that RicM  (n− 1)λ for λ 0,
then h(M)  (n − 1)√|λ| from the Bishop–Gromov volume comparison theorem. Gromov proved the following
inequality between the volume entropy and the simplicial volume ‖M‖ of M [3,6,7]:
h(M)nCnn!vol(M) ‖M‖,
so it was obtained that if RicM −1/(n− 1), then h(M) 1 and
‖M‖ Cnn!vol(M),
where Cn = (n2 )/(
√
π(n+12 )).
There are many attempts in Riemannian geometry to replace the condition RicM  (n − 1)λ with an integral of
Ricci curvature. In [5], Gallot obtained an upper bound of the simplicial volume with some integrals of Ricci curvature.
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for R → ∞ in the universal covering space. As we see in Section 3, it is not easy to bound the average of the integral
Ricci curvature on R-ball in M˜ only with the integral Ricci curvature on M . In [9], an upper bound of entropy is
obtained with integral Ricci curvatures over closed geodesics.
We will obtain an explicit upper bound of the volume entropy with the integral Ricci curvature bound on M and a
volume ratio between two balls. First, we recall the following notations for the integral Ricci curvature [10]: Let g(x)
be the smallest eigenvalue of the Ricci tensor at x ∈ M and u+ = max(0, u) is the positive part of u. For 2p > n and
λ 0, we define the integral Ricci curvature as follows:
kM(λ,p) = 1
vol(M)
∫
M
((−g(x)+ (n− 1)λ)+)p dv,
(1.1)kx(λ,p,R) =
∫
B(x,R)
((−g(x)+ (n− 1)λ)+)p dv for x ∈ M˜.
So kM(λ,p) can be considered as the average of Ricci curvature smaller than (n − 1)λ. If RicM  (n − 1)λ, then
kM(λ,p) = 0. We denote by vλ(n, r) the volume of r-ball in the n-dimensional space form with the constant curva-
ture λ.
Our theorem is as follows:
Theorem 1. Let M be an n-dimensional compact Riemannian manifold with the diameter diam(M)  D. For 0 <
r0 D, we assume that
(1.2)vol(B(x,
r0
4 ))
vol(B(x, r0300 ))
L
for a constant L and any x ∈ M˜ . Then, for any δ > 0, we can find  > 0 depending only on n,λ,p,D,L, r0, δ such
that if kM(λ,p) < , then the volume entropy satisfies that
h(M) C(n,p)
(√|λ| + δ),
where C(n,p) = 2 12p (n− 1) 2p−12p ( 2p(2p−2)
(2p−1)(2p−n) )
p−1
p
.
To obtain Gallot’s upper bound in [5], we need averages of integral Ricci curvatures kx(λ,p,R)
vol(B(x,R)) on R-balls in M˜
for infinitely many R’s satisfying that R → ∞, which depends on vol(B(x,R+2D))
vol(B(x,R)) for x ∈ M˜ as we see in Section 3.
So it is not easy to obtain kx(λ,p,R)
vol(B(x,R)) on R-balls in M˜ only with the integral Ricci curvature kM(λ,p) on M . (See
Section 3.) Our theorem needs only the volume ratio between two balls in M˜ and kM(λ,p), which is a much simpler
condition than the condition in [5]. Also δ does not depend on r0. Furthermore, since limp→∞ C(n,p) = n − 1,
C(n,p)(
√|λ| + δ) → (n− 1)√|λ| as p → ∞ and  → 0, the above bound is quite optimized.
The volume ratio condition (1.2) can be obtained with conditions on M (for example, the injectivity radius bounded
below). So we obtain an upper bound of the volume entropy without volume ratio condition on M˜ if we assume a
lower bound on the injectivity radius and kM(λ,p) as follows:
Theorem 2. Let M be an n-dimensional compact Riemannian manifold with the diameter diam(M)  D and the
injectivity radius injM  i0. Then, for any δ > 0, we can find  > 0 depending only on n,λ,p,D, i0, δ such that if
kM(λ,p) < , then the volume entropy satisfies that
h(M) C(n,p)
(√|λ| + δ).
The above upper bound is independent of the injectivity radius. It is useful since we can obtain the above  and
C(n,p) explicitly. The existence of  in Theorem 2 can be proved from the compactness theorem in [10] under the
condition injM  i0 but it is impossible to find  > 0 explicitly since the proof by the compactness theorem is a method
of indirect proof by contradiction. We obtain the following corollary:
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the above , δ > 0 in Theorem 1, if kM(λ,p) < , then
‖M‖ Cnn!
(
C(n,p)
(√|λ| + δ))n vol(M).
From the real Schwarz lemma [2,4], we obtain the following corollary as [9]:
Corollary 2. Let M and N be n-dimensional compact Riemannian manifolds for n 3. Assume that diam(M)D
and injM  i0. If kM(λ,p) <  for the above , δ > 0 in Theorem 2 and KN < −(C(n,p)(
√|λ| + δ)/(n − 1))2, then
any continuous map f : M → N can be deformed to a C1-map F such that vol(F (A)) < vol(A) for any open set A
in M . Hence if vol(M) vol(N), there does not exist a nonzero degree continuous map from M to N .
In Corollary 2, it is important to know the relation between KN and kM(λ,p) explicitly, i.e. −(C(n,p)(√|λ|+ δ)/
(n− 1))2 and , which cannot be obtained from an indirect proof by a compactness theorem.
In Section 2, we will compute a very rough upper bound of entropy which depends on r0,L and diverges to
infinity as r0 → 0. In Section 3, we obtain an upper bound of kx(λ,p,R)vol(B(x,R)) and apply it to Gallot’s upper bound on
entropy (3.10) to prove Theorem 1. In Section 4, we use the condition injM  i0 to obtain upper bound of entropy
without any condition on M˜ , which proves Theorem 2. In Section 5, we will state a relative volume comparison
theorem on M˜ , which follows from the proof of Theorem 1 and can be used to study the fundamental group of M .
2. Rough estimate of volume entropy
In this section, we assume the conditions in Theorem 1. Let S be the maximal r0100 -separated set of M˜ . Then⋃
x∈S B(x,
r0
100 ) covers M˜ . We construct a graph G whose vertices are points in S and edges are segments between
points x, y ∈ S satisfying that d(x, y) r016 . If we let the length of each edge be 1, then G is a length space. Then we
have a metric dS on S induced from G. We obtain the following lemma [8].
Lemma 1. r0300dS(x, y) d(x, y)
r0
16dS(x, y) for x, y ∈ S.
Proof. It is clear that d(x, y)  r016dS(x, y). So we will show that
r0
300dS(x, y)  d(x, y). Let γ : [0, l] → M˜ be a
normal length minimizing geodesic from x to y. Let {ti |t0 = 0, tN = l, ti < ti+1} be a partition of [0, l] such that
ti+1 − ti = r0200 for i + 1 < N . Then N  200lr0 + 1. For each γ (ti), there exists xi ∈ S such that d(γ (ti), xi) 
r0
100 .
Then d(xi, xi+1) r016 and
dS(x, y)
200l
r0
+ 1 = 200d(x, y)
r0
+ 1.
Since d(x, y) r0100 for x, y ∈ S, we obtain
dS(x, y)
(
200
r0
+ 1
d(x, y)
)
d(x, y) 300
r0
d(x, y),
which completes the proof. 
From the above lemma, we obtain that
(2.3)B(x,R)∩ S ⊂ BdS
(
x,
300R
r0
)
for x ∈ S, where BdS (x, a) is the a-ball centered at x with respect to the metric dS . Let y0 ∈ S ∩B(x, r016 ) be the point
satisfying that
vol
(
B
(
y0,
r0
300
))
= min
{
vol
(
B
(
xi,
r0
300
)) ∣∣ xi ∈ S ∩B
(
x,
r0
16
)}
.
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(2.4)
∑
xi∈S∩B(x, r016 )
vol
(
B
(
xi,
r0
300
))
 vol
(
B
(
x,
r0
8
))
.
Since B(x, r08 ) ⊂ B(y0, r04 ), we have
(2.5)vol
(
B
(
x,
r0
8
))
 vol
(
B
(
y0,
r0
4
))
.
Also we have
(2.6)
∑
xi∈S∩B(x, r016 )
vol
(
B
(
xi,
r0
300
))

∣∣BdS (x,1)∣∣vol
(
B
(
y0,
r0
300
))
.
From (2.4), (2.5), (2.6), we have
vol
(
B
(
y0,
r0
4
))

∣∣BdS (x,1)∣∣vol
(
B
(
y0,
r0
300
))
.
Consequently, we obtain the inequality
(2.7)∣∣BdS (x,1)∣∣ vol(B(y0,
r0
4 ))
vol(B(y0, r0300 ))
 L.
Then we obtain that
(2.8)
∣∣∣∣BdS
(
x,
300R
r0
)∣∣∣∣ L
300R
r0 .
Fix x0 ∈ M˜ . For any y ∈ S, some deck transformation of B(y, r04 ) is contained in B(x0,2D) since M˜ is the universal
covering space of a compact manifold M and r0 D. Hence
sup
y∈S
{
vol
(
B
(
y,
r0
4
))}
 vol
(
B(x0,2D)
)
< ∞.
Then we obtain the following volume growth
vol
(
B(x,R)
)
 L
300R
r0 sup
y∈S
{
vol
(
B
(
y,
r0
4
))}
since
⋃
y∈Bds (x, 300Rr0 )
B(y,
r0
4 ) ⊃ B(x,R) by (2.3). Then
h(M) = lim
R→∞
log(vol(B(x,R)))
R
 300
r0
logL+ lim
R→∞
log(supy∈S{vol(B(y, r04 ))})
R
(2.9)= 300
r0
logL.
From this inequality, we can obtain an upper bound of the volume entropy but it depends on r0,L. Furthermore, as
r0 → 0, 300 logL → ∞.r0
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In [5], Gallot obtained the following results: for any p > n2 ,
(3.10)vol(∂B(x,R))
vol(B(x,R))
 C(n,p)
(
kx(0,p,R)
vol(B(x,R))
) 1
2p + O(vol(B(x,R)− 12p )).
From this inequality, it is obtained directly by [7] that
(3.11)‖M‖ n!C(n,p)
(
(n2 )√
π(n+12 )
)n
vol(M) sup
x∈M˜
(
lim inf
R→∞
(
kx(0,p,R)
vol(B(x,R))
) n
2p
)
,
where B(x,R) is the R-ball centered at x in M˜ .
It seems that kx(0,p,R)
vol(B(x,R)) is closely related to kM(0,p). But it is not easy to obtain
kx(0,p,R)
vol(B(x,R)) only with kM(0,p)
or kM(λ,p). We observe what is the obstruction to obtain kx(0,p,R)vol(B(x,R)) . We denote the function ((−g(x)+ (n− 1)λ)+)
by ρ(x). If Fi ’s are deck transformations of the fundamental domain whose diameters are smaller than 2D and⋃m
i=1 Fi is the minimal union of Fi to cover B(x,R) ⊂ M˜ , then
kx(p,λ,R)
vol(B(x,R))
= 1
vol(B(x,R))
∫
B(x,R)
ρ(x)p dv
 vol(
⋃
i Fi)
vol(B(x,R))
1
vol(
⋃
i Fi)
∫
⋃
i Fi
ρ(x)p dv
(3.12) vol(B(x,R + 2D))
vol(B(x,R))
kM(λ,p).
If we assume RicM  (n− 1)k, there exists a bound vk(n,R+2D)vk(n,R) for
vol(B(x,R+2D))
vol(B(x,R)) [14]. But only with kM(λ,p), it is
not easy to obtain a uniform bound of vol(B(x,R+2D))
vol(B(x,R)) .
If we assume the volume ratio condition (1.2), we have |BdS (x, 3000Dr0 )| L
3000D
r0 from (2.8). Then we obtain that
(3.13)vol(B(x,10D))L 3000Dr0 sup
y∈S
{
vol
(
B
(
y,
r0
4
))}
.
Let S′ be the maximal 4D-separated subset of M˜ and S′(R) = {x ∈ S′|d(q, x)  R}. Then for each xi ∈ S′(R +
2D) \ S′(R − 4D), we have
B(q,R + 2D) ⊂
⋃
xi∈S′(R−4D)
B(xi,10D)
since there exists y ∈ B(q,R − 4D) for each xi ∈ S′(R + 2D) \ S′(R − 4D) such that d(xi, y) 6D and B(q,R −
4D) ⊂⋃xj∈S′(R−4D) B(xj ,4D). Also we have
B(q,R) ⊃
⋃
xi∈S′(R−4D)
B(xi,2D),
where B(xi,2D)’s are disjoint. Then
vol
(
B(q,R + 2D)) ∑
xi∈S′(R−4D)
vol
(
B(xi,10D)
)
(3.14) ∣∣S′(R − 4D)∣∣L 3000Dr0 sup
y∈S
{
vol
(
B
(
y,
r0
4
))}
.
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⋃
xi∈S′(R−4D) B(xi,2D) is a disjoint union in B(q,R), we obtain that
(3.15)vol(B(q,R)) ∣∣S′(R − 4D)∣∣ inf
x∈S′
{
vol
(
B(x,2D)
)}
.
For any x ∈ S′ and y ∈ S, some deck transformation of B(y, r04 ) is contained in B(x,2D). Then supy∈S{vol(B(y, r04 ))}
 infx∈S′ vol(B(x,2D)), so from (3.14) and (3.15), we have
(3.16)vol(B(q,R + 2D))
vol(B(q,R))
 L
3000D
r0 .
Since ‖f + g‖p  ‖f ‖p + ‖g‖p , we obtain from (3.12) that
(
kq(0,p,R)
vol(B(q,R))
) 1
p
 kq(λ,p,R)
1
p + |λ|vol(B(q,R)) 1p
vol(B(q,R))
1
p
 |λ| +
(
vol(B(q,R + 2D))
vol(B(q,R))
kM(λ,p)
) 1
p
(3.17)< |λ| + (L 3000Dr0 kM(λ,p)) 1p .
Take  > 0 which satisfies L
3000D
r0  < (2
√|λ| + δ2)p . If kM(p,λ) < , then
(3.18)
(
kq(0,p,R)
vol(B(q,R))
) 1
p
 |λ| + 2δ√|λ| + δ2 = (√|λ| + δ)2.
Then we obtain that for 0 < r < R,
(3.19)log(vol(B(x,R)))− log(vol(B(x, r)))C(n,p)(√|λ| + δ)R + cR1− 12p
by integrating (3.10) for a constant c depending on M since vol(B(x,R))  c′R for x ∈ M˜ and some constant c′
depending on M . So
(3.20)h(M) = lim
R→∞
log(vol(B(x,R)))
R
 C(n,p)
(√|λ| + δ),
which completes the proof of Theorem 1.
4. Entropy and injectivity radius
Proof of Theorem 2. We only need to show that vol(B(x,
i0
4 ))
vol(B(x, i0300 ))
is uniformly bounded. By [10], we have the following
volume comparison theorem:
Theorem 3. Let M be a Riemannian manifold and x be a point in M . Then we can find a constant C(n,p,λ,R)
which is nondecreasing in R such that when r < R, we have
(
vol(B(x,R))
vλ(n,R)
) 1
2p −
(
vol(B(x, r))
vλ(n, r)
) 1
2p
 C(n,p,λ,R)kx(λ,p,R)
1
2p .
We can find C in Theorem 3 explicitly. As a corollary of [10], for any β < 1, we can find an 0(n,p,λ,β,R) > 0
explicitly such that if
(4.21)kx(λ,p,R)
vol(B(x,R))
< 0,
then for r < R,
(4.22)β vλ(n, r)  vol(B(x, r)) .
vλ(n,R) vol(B(x,R))
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Since injM  i0, the volume of i0-ball B¯(x¯, i0) ⊂ M and the volume of the lifting of B¯(x, i0) to M˜ is the same and
kx(λ,p, r) kM(λ,p)vol(M)
for r  i0 and x ∈ M˜ . From (4.22), we can find 1(n,p,λ,D) > 0 for M explicitly such that if kM(λ,p) 1, then
for r  i0 and x ∈ M˜ ,
(4.23)1
2
vλ(n, r)
vλ(n,D)
 vol(B(x, r))
vol(M)
.
From the proof of Corollary 2.4 in [10], we have
(
vλ(n,
i0
300 )
vλ(n,
i0
4 )
) 1
2p −
(
vol(B(x, i0300 ))
vol(B(x, i04 ))
) 1
2p
 C
(
n,p,λ,
i0
4
)(
kx(λ,p,
i0
4 )
vol(B(x, i04 ))
) 1
2p
vλ
(
n,
i0
300
) 1
2p
 C
(
n,p,λ,
i0
4
)(
kM(λ,p)vol(M)
vol(B(x, i04 ))
) 1
2p
vλ
(
n,
i0
300
) 1
2p
(4.24) C1
(
n,p,λ,
i0
4
)
kM(λ,p)
1
2p vλ
(
n,
i0
300
) 1
2p
,
where C(n,p,λ,R) is the constant in Theorem 1 in [10] and
C1 = 2
1
2p C
(
n,p,λ,
i0
4
)(
vλ(n,D)
vλ(n,
i0
4 )
) 1
2p
.
The last inequality is obtained from (4.23). Let ′ = min(1,1/C2p1 22pvλ(n, i04 )). If kM(λ,p) < ′, then
(4.25)1
2
· vλ(n,
i0
300 )
vλ(n,
i0
4 )

vol(B(x, i0300 ))
vol(B(x, i04 ))
.
If we denote 2 vλ(n,
i0
4 )
vλ(n,
i0
300 )
by L and  = min(′, (2δ√|λ| + δ2)p/L3000D/i0), we have
vol(B(x, i04 ))
vol(B(x, i0300 ))
L
and
(
kx(0,p,R)
vol(B(x,R))
) 1
p
<
(√|λ| + δ)2
as (3.18) in Section 3, which completes the proof of Theorem 2. 
Proof of Corollary 2. If there is a continuous nonzero degree map from M to N , then there is an equivariant C1-map
F˜ : M˜ → N˜ by real Schwarz lemma [4,9] such that
∣∣det(F˜∗)∣∣<
(
h(M)
C(n,p)(
√|λ| + δ)
)n
 1
since KN < −(C(n,p)(√|λ| + δ)/(n − 1))2 and h(N) > C(n,p)(√|λ| + δ). Then we have vol(N) < vol(M). 
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We also obtain the following volume comparison theorem on M˜ with kM(λ,p):
Theorem 4. Let M be an n-dimensional compact Riemannian manifold satisfying the conditions in Theorem 1. For
any β < 1 and R > 0, we can find an (n,p,λ,L,D,β,R) > 0 explicitly such that if kM(λ,p) < , then
(5.26)β vλ(n, r)
vλ(n,R)
 vol(B(x, r))
vol(B(x,R))
for x ∈ M˜ and r R.
Proof. We obtained an upper bound of vol(B(x,R+2D))
vol(B(x,R)) in Section 3. Then from (3.12), we can obtain kx(p,λ,R)vol(B(x,R)) and(4.22) from Theorem 3. 
It should be noted that  in Theorem 4 can be calculated explicitly. In other words, for a given sufficiently small
 > 0, we can find β explicitly satisfying the above relative volume comparison. Then as a corollary, we obtain the
theorems on the fundamental groups in [1,12,13] by replacing the Ricci curvature bounded below with kM(λ,p) < 
and the volume ratio condition (1.2). In particular, we can find an explicit upper bound for the number of isomorphism
classes of π1(M) by replacing the Ricci curvature bounded below in [1] with kM(λ,p) <  and the volume ratio
condition.
In Theorem 4, we can use the injectivity radius condition instead of the volume ratio condition as Theorem 2.
Under injM  i0, the results on the fundamental group in [1] and [12] are obtained by a C0,α-compactness theorem
in [10]. The result of [13] is also obtained with the splitting theorem in [11]. But if we use a compactness theorem,
we cannot find an explicit upper bound for the number of isomorphism classes of π1(M) in [1] since it is an indirect
proof by contradiction. But with our proof, we can find an upper bound explicitly.
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